Grotzsh's heawood coloring theorem  by Fisk, Steve
ADVANCES IN MATHEMATICS 15, 162-163 (1975) 
Grotzsh’s Heawood Coloring Theorem 
STEVE FISK 
Massachusetts Institute of Technology, Cambridge, Massachusetts 02139 
In [2] Grotzsh proved that every even triangulation of a two manifold 
has a heawood coloring. Because the result is of interest [l] and the 
proof difficult, we give a simpler proof here. 
We recall some definitions. The degree of a vertex in a triangulation 
(or a graph) is the number of edges containing it. A triangulation M 
( h’ h ‘11 1 y b f w ic wr a wa s e o a closed two manifold) is even if every vertex 
has even degree. A heawood coloring of M is an assignment of + 1 
or - 1 to every triangle of M such that for all verticies p of M, the sum 
of the values of all the triangles containing p is zero mod 3. 
A fundamental combinatorial result about triangulations is the 
following [3, p. 891: 
PETERSON’S THEOREM. Given a triangulation M, there exists a set of 
edges E such that every triangle of M contains exactly one edge belonging 
to E. 
GROTZSH’S THEOREM. If M is an even triangulation, one can label the 
triangles with & 1 so that the sum around each vertex is 0 (not just module 3!). 
Proof. Pick a set of edges E as in Peterson’s Theorem. Construct 
a graph G as follows: the verticies of G are those of M. Two points 
p, q of G are connected if they are the link of some edge e of E: Ink(e) = 
(PY !d* 
It is easy to see that the number of edges of E contained in Ink(p), 
for any vertex p, is even. Thus all verticies of G have even degree. 
We can therefore write G as the edge-disjoint union of cycles Ci . 
Pick a cycle Ci and an orientation of it. For each edge of C, , there 
correspond two triangles of M. Since Ci has an orientation, the labeling 
of the first triangle (of the two) met along Ci is a +1 and the next 
with a - 1 is well-defined. We see this if we so assign all triangles 
corresponding to edges of Ci that when we form the sums of triangles 
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around a vertex p those triangles coming from edges of C, contribute 
a net 0. If we use all the C, , we get our conclusion. (That a triangle 
gets labeled exactly once uses the fact that the E satisfies Peterson’s 
Theorem). 
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